Abstract. We introduce the notion of weighted limit in an arbitrary quasi-category, suitably generalizing ordinary limits in a quasi-category, and classical weighted limits in an ordinary category. This is accomplished by generalizing Joyal's approach: we identify a meaningful construction for the quasi-category of weighted cones over a diagram in a quasi-category, whose terminal object is the weighted limit of the considered diagram. When the quasi-category arises as the homotopy coherent nerve of a category enriched over Kan complexes, we use techniques by Riehl-Verity to show that the weighted limit agrees with the homotopy weighted limit in the sense of enriched category theory, for which explicit constructions are available. When the quasi-category is complete, tensored and cotensored over the quasi-category of spaces, we discuss a possible comparison of our definition of weighted limit with the approach by Gepner-Haugseng-Nikolaus.
Introduction 1

Introduction
In ordinary category theory, a limit is a universal object with a cone over a given diagram; the cone is given by maps from the limit to all the objects in the diagram that commute with all maps in the diagram. But especially in enriched or higher categorical contexts, it is desirable to generalize this notion of limit to allow for more exotic shapes. Formally, the desired shape of a cone is specified
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by means of something called the weight, this being another diagram defined on the same indexing category. The universal object with a cone of that shape is then refereed to as the weighted limit.
Weighted limits are ubiquitous, though seldom recognized as such. Most famously homotopy limits and colimits as constructed by Bousfield-Kan [BK72] are simply weighted limits defined for a particular simplicially enriched weight. Key constructions in 2-category theory such as the arrow category, the comma category, and the category of monads are also weighted limits, this time for a particular categorically enriched weight [Str76] . In unenriched category theory, the matching and latching objects are understood in [RV14] as weighted limits and colimits with very natural weights valued in sets.
Several objects of interest in brave new algebra, such as the quasi-category of genuine G-spectra for a compact Lie group G from [AMGR17], satisfies the universal property of a suitably derived weighted limit in the (∞, 2)-category of (∞, 1)-categories. These ad hoc constructions of weighted limits have been used to great effect and provide a strong motivation towards developing a fully general theory of weighted limits in an arbitrary (∞, 2)-category, rather than just this base case.
With the intent of providing foundations for such a theory, we start by understanding and developing the theory of weighted limits in an arbitrary (∞, 1)-category instead. The purpose of this paper is to define, construct and study the properties of weighted limits in a generic (∞, 1)-category. We allow the (∞, 1)-category to be presented by different models and show that the notion of weighted limits is suitably compatible with the change of model, complementing the analogous analysis of (unweighted) limits in (∞, 1)-categories by Riehl-Verity [RV18a] . We focus on the models of Kanenriched categories and quasi-categories, but the approach taken for the latter easily generalizes to other models, such as complete Segal spaces. For quasi-categories that happen to be complete, tensored and cotensored over the ∞-category of spaces, we discuss how our constructions should compare with those by Gepner-Haugseng-Nikolaus [GHN17] . Weighted limits in an (∞, 2)-category will then be treated in a forthcoming paper.
Weighted limits in enriched category theory. Weighted limits were introduced as the correct general notion of limit for enriched categories independently by Auderset [Aud74] , by Borceux-Kelly [BK75] , and by Street-Walters in unpublished work.
Given a V-enriched category Q, the weight for a diagram D : J → Q has the form of a V-enriched functor W : J → V and its role is to encode the "shape" of these generalized cones. Indeed, while an ordinary cone from an object A to the diagram D picks a single arrow A → Dj for any j in J , a weighted cone consists of a collection of maps encoded by a morphism W (j) → Map Q (A, Dj) in V.
More precisely, the limit of the diagram D weighted by W is an object lim W D of Q for which there is a natural isomorphism in V When the weight is the functor * J : J → V constant at the monoidal unit * of V, weighted cones are ordinary cones, and the expression simplifies to
so that limits weighted by the constant weight have a more familiar universal property. We refer to these limits as "unweighted limits", though they appear in the literature as "conical" or "enriched" limits.
Homotopy weighted limits in enriched category theory. When the base for enrichment V and the category Q are endowed with homotopical structures, the categories of enriched functors VFun(J , Q) and VFun(J , V) naturally inherit a homotopical structure in which the weak equivalences are detected levelwise.
Thanks to these homotopical structures, it makes sense to "derive" the universal property that defines weighted limits, by replacing mapping objects with derived mapping objects. The corresponding universal property identifies (up to equivalence) a weighted limit that is homotopically meaningful, and should be thought of as a "homotopy weighted limit". In other words, the weighted homotopy limit of a diagram D : J → Q consists of an object holim W D of Q together with natural equivalences in V Map . The framework in which this idea has been explored the most is when Q arises as the category of fibrant objects of a V-model structure M. In this case, for the mapping spaces to have the correct homotopy type and be automatically derived it is enough to take a projectively cofibrant replacement W cof for the weight W : J → V. It follows that the weighted homotopy limit, holim W D, can be realized as the strict weighted limit, lim When the base for the enrichment V is Cat , endowed with the canonical model structure, homotopy weighted limits in the (model) category Cat are discussed by Kelly in [Kel89] under the name of "weighted bilimits", and a weight W : J → Cat is projectively cofibrant when it is "flexible".
When the base for the enrichment V is sSet , endowed with the Kan-Quillen model structure, homotopy weighted limits are discussed by Riehl and Verity in [Rie14, RV18a] . In this setting, a theorem of Gambino provides a different viewpoint on homotopy weighted limits, asserting that, when M is a simplicial model category, the weighted limit defines a Quillen bifunctor lim − − : sFun(J , V) op proj × sFun(J , M) proj → M, and the homotopy weighted limit holim − − is precisely its derived functor.
In a similar framework to that of [RV18a] , we discuss the theory of homotopy weighted limits in any (∞, 1)-category Q presented by a minimal structure, namely just that of a Kan-category. This enrichment naturally induces a notion of weak equivalence in Q, given by those maps that induce weak equivalences on hom Kan complexes in both variables. This class of weak equivalences make Q into a homotopical category.
We show that, under suitable completeness conditions for Q, the homotopy limit of a diagram D : J → Q weighted by W : J → sSet can still be computed as the strict limit lim W cof D. We also prove the following analog of Gambino's result, which will appear as Theorem 2.22.
Theorem A. If Q is a complete simplicial Kan-category that is cotensored over sSet , the homotopy weighted limit holim − − is the derived functor of the strict weighted limit
when both sFun(J , sSet ) and sFun(J , Q) are endowed with the levelwise homotopical structure.
In particular, the homotopy limit holim * J D weighted by the constant weight * J : J → sSet can be computed as a strict limit lim homotopy weighted limits in any Kan-enriched category, which is an established model for an (∞, 1)-category. However, given that much of (∞, 1)-category theory has been developed for the model of quasi-categories, we want to make sense of (homotopy) weighted limits for an (∞, 1)-category presented by a quasi-category
For such a formalization to be meaningful, it should suitably generalize the well-established notion of (unweighted) limit in a quasi-category from [Joy02] . Given a diagram d : J → Q in a quasi-categoryare then weighted versions of the neat and fat slice constructions. In harmony with the unweighted picture, the neat weighted slice Q 
Relying on the construction of the quasi-category of weighted cones given in Theorem B, we then define the weighted limit to be their terminal object, which can be characterized by an explicit lifting property.
The fact that this definition is the correct one is validated by showing in Section 2.5 that the notion of homotopy weighted limit in a Kan-enriched category Q is acually compatible with the one we just introduced for weighted limits in its homotopy coherent nerve N[Q]. The method is inspired by the analogous result for unweighted limits presented in [RV18a] .
To make this precise, recall that Cordier's homotopy coherent nerve construction N from [Cor82] forms together with the homotopy realization an adjoint pair C : sSet ⇄ sCat : N. In particular, any 1 The nature of the model of quasi-categories as (∞, 1)-categories is such that strict notions do not make sense, and all constructions are automatically derived. For instance, the only kind of limit that makes sense in a quasi-category is already a homotopy limit. For the same reason, it only makes sense to introduce homotopy weighted limits in a quasi-category, and we will just refer to them as weighted limits
. Also, any weight W : C[J] → sSet can be turned into a fibration U n(W ) :J → J using Lurie's unstraightening machinery [Lur09] . 
The theorem, which will appear as Theorem 2.37, provides evidence to the fact that the definition of weighted limits in quasi-categories is meaningful. Furthermore, it also implies that under completeness assumptions for Q every weighted limit of a diagram in the quasi-category N[Q] can be realized as a weighted limit in Q, for which explicit formulas are available.
Interestingly enough, the construction of weighted limits in quasi-categories also allows us to prove in Theorem 2.33 that every weighted limit in an (∞, 1)-category can be computed as the (unweighted) limit of a suitably fatter diagram, generalizing a classical result from strict 1-category theory.
Finally, one could take an alternative approach on weighted limits in higher categories making use of the machinery of presentable quasi-categories developed by Lurie [Lur09, Lur17] . When a quasicategory Q is presentable, and also tensored and cotensored over the (∞, 1)-category Kan of spaces, it can be understood as forming part of a two-variable tensor-cotensor-hom adjunction. With this additional structure, it is possible to define weighted limits by the quasi-categorical analog of the usual end formula, and this is the approach taken by Gepner-Haugseng-Nikolaus in [GHN17, §2] .
A comparison between their approach and ours requires facility with the theory of two-variable adjunctions of quasi-categories and we are not certan whether quasi-categorical analogs of all the 1-categorical results we would need are in the literature. Assuming Conjectures 1.31 and 1.32, two quasi-categorical generalizations of classical properties that encode the universal property of the tensor cotensor-hom adjunction and the relation with the quasi-category of weighted cones Q p / /d , we can easily show as Consequence 2.35 that the Gepner-Haugseng-Nikolaus definition for the notion of weighted limit gives an alternative formula for the notion of weighted limit that appears here.
Further work. In forthcoming work, we enhance the techniques from this paper with the aim of defining and studying weighted limits in arbitrary (∞, 2)-categories. We will work with Riehl-Verity's 2-complicial sets, which are the model of (∞, 2)-categories that is closest to quasi-categories. The identification of suitable neat and fat weighted join constructions in the new framework allows us to construct a neat and a fat weighted slice construction over a diagram d : J → K in a 2-complicial set K. These constructions are designed and shown to be equivalent models for the (∞, 2)-category of weighted cones over d, so it makes sense to take the weighted limit of d to be their terminal object. Having understood the correct notion of weighted limits in 2-complicial sets, we can then proceed to exporting it to different models of (∞, 2)-categories and studying how they compare to existing instances of weighted limits in (∞, 2)-categories present in the literature.
The (quasi-)category of weighted cones
Given an ordinary category C, the universal property of the limit cone of a diagram D : J → C is that it is terminal in the category of cones over that diagram.
The same point of view has been adapted [Joy02, Lur09, RV17b] in order to make sense of the limit of a diagram d : J → Q in a quasi-category Q, in that the limit of d is the terminal object in the quasi-category of cones over d. As we will briefly recall, Joyal [Joy08a] gave two equivalent models for the quasi-category of cones over the diagram d, in the form of a neat slice and in the form of a fat slice over d. These constructions arise as right adjoints of the neat and the fat join constructions, respectively.
By further generalizing, though in a different direction, given a suitable weight one might want to make sense of the (quasi-)category of weighted cones over the diagram d, so that the weighted limit cone of the diagram will then be defined as its terminal object (cf. Section 2).
The aim of this section is to construct such quasi-category of weighted cones, by means of suitably generalized join constructions. For the sake of exposition, we first discuss in Section 1.1 the category of weighted cones in the case of an ordinary category, and then move on to the quasi-categorical case in Sections 1.2 and 1.3.
1.1. The category of weighted cones. Recall from [Joy08b, §3.1] that the join of a category I with a category a category J has set of objects given by
and homsets as follows.
(1) The homset between a ∈ I and b ∈ J is Hom I⋆J (a, b) := * .
(2) The homset between a ∈ I and a ′ ∈ I is Hom I⋆J (a, a
The homset between b ∈ J and a ∈ I is Hom I⋆J (a, b) := ∅.
In particular, the set of morphisms can be identified with the disjoint union and the set of morphisms of C /d could be unraveled from the expression
Remark 1.2. Given a diagram d : J → C, an object of the category of cones in C over the diagram d : J → C is precisely a cone over D acccording to the classical terminology of MacLane [Mac71] , i.e., a pair (A, ϕ : ∆ A → D) where A is an object of C and ϕ is a natural transformation from the constant functor at A to the functor D.
We now define a weighted version of the join construction, whose corresponding slice construction models a category of cones weighted by any functor W : J → Set . As clarified by the following remark, these functors correspond precisely to discrete fibrations P :J → J . Given any discrete fibration P :J → J , the collections of fibers over the objects of J assemble into a functor P −1 (−) : J → Set .
The category of elements el J (W ) is a special case of the Grothendieck construction. Its objects are pairs (j, x ∈ W (j)) and whose morphisms are arrows f :
The category of elements comes with an obvious projection P : el J W → J . In particular, el J respects the terminal object, so the identity of J corresponds to the functor constant at the terminal category. Definition 1.4. Let P :J → J be a discrete fibration. The join of a category I weighted by P :J → J is the category defined as follows. The set of objects is given by
The homsets re defined as follows.
(1) The homset between a ∈ I and b ∈ J is Hom I⋆J (a, b) := W (j).
In particular, the set of morphisms of the weighted join can be written as a disjoint union
The composition law is determined by declaring that I and J are subcategories of the weighted join I ⋆ p J , and using the functoriality of W to define composition of an arrow from I to J with an arrow of J .
Roughly speaking, the join of two categories I and J weighted by p is built by putting two categories next to each other and by adding for any i in I as many arrows as element of P −1 (j) that go from i to j. 
and the set of morphisms of C P /d could be unraveled from the expression Example 1.9. Let Γ denote the cospan shape category, which we display as
and let {0} Γ : Γ → Set be the weight the constant weight
Given any diagram D : Γ → C in a category C with image
a weighted cone over D consists of an object C together with three morphisms λ a , λ b and λ c that makes the following diagram commute:
If then W : Γ → Set denotes the weight with image
a weighted cone over D consists of an object C together with four morphisms as displayed
subject to the condition that the two external triangles commute, but the two arrows λ b and λ ′ b do not necessarily agree. Note how the weight is encoding how many legs each piece of the diagram D receives from the summit C.
1.2. The quasi-category of weighted cones. Aiming to define a quasi-category of cones over a diagram in a quasi-category, we extend the weighted join and slice constructions to simplicial sets, suitably generalizing Joyal's unweighted versions from [Joy08a] .
Recall from [Joy08a, §9.7 ] that the join of categories extends to a construction on simplicial sets, in a way that for every category I, J
For every simplicial set I, the join with J can be written levelwise as
under the convention that
For any simplicial set I, there is a canonical inclusion J → I ⋆ J. In fact, If J/ sSet denotes the slice category of sSet over J, the join with a simplicial set J defines a functor
Recall from [Joy08a, §9.7 ] that the this functor admits a right adjoint
is a Quillen pair between the Joyal model structure, and the corresponding sliced model structure category, as proven in [RV15, Lemma 2.4.12]. In particular, any diagram d : J → Q in a quasi-category Q is fibrant, and therefore the slice Q /d is a quasi-category.
The property of adjointness determines the slice construction up to isomorphism. Given a diagram d : J → Q, the set of n-simplices of Q /d is given by the expression
which the willing reader could expand using the formula for the weighted join construction from Definition 1.12. In particular,
We now define a weighted version of the join construction, whose corresponding slice construction models a simplicial set of cones weighted by any functor p :J → J. The nature of the weight is clarified by the following remark, which explains why the homotopy theory Kan-valued functors is the same as that of left fibrations, which are the quasi-categorical analog of discrete fibrations of categories. J-valued left fibrations are the fibrant objects for a suitable model structure on sSet /J , called the covariant model structure; we refer the reader to [Lur09, §2.1] or [HM16, §2.3] for a detailed account on this model structure. Given any functor p :J → N J , the rectification r ! (p) is obtained by taking a specific model of the homotopy fibers of p, i.e.,
Given any functor W : J → Kan , the construction r * (W ) coincides with Lurie's relative nerve N W (J ) from [Lur09, §3.2.5], as mentioned in in the introduction of [HM15] . The property of adjointness determines the relative nerve construction up to isomorphism. The set of n-simplices of r * (W ) over an n-simplex σ of N C is given by the expression
In particular, r * respects the terminal object, so the identity of J corresponds to the functor constant at the terminal category. Given any functor p :J → N J , the straightening construction St(p) is given by
Given any functor W : C[J] → sSet , the property of adjointness determines the unstraightening construction up to isomorphism. The set of n-simplices of U n(W ) over an n-simplex σ of X is given by the expression
In particular, U n respects the terminal object, so the unstraightening of the identity of J is the functor constant at the terminal category. If J = N J is the nerve of a category J , the unstraightening construction coincides with the relative nerve.
We therefore focus on weights in the form of any simplicial map p :J → J (without requiring any further condition), and inspired by Remark 1.5, we define the weighted join as follows. Definition 1.12. Let p :J → J be a simplicial map. The join of a simplicial set I with J weighted by p :J → J is the simplicial set
It can be written levelwise as
For any simplicial set I, there is a canonical inclusion
In fact, the weighted join construction defines a functor
Remark 1.13. There is a good compatibility between the nerve construction and the weighted join construction. Indeed, given categories I and J and a discrete fibration P : J → J , nerves of categories do not see the difference between N (I ⋆ P J ) and (N I) ⋆ N P (N J ); indeed, for any category C there is a canonical isomorphism
We suspect that in fact nerve and weighted join construction commute with each other, but did not investigate this further.
We prove a weighted variant of Joyal's adjunction.
Proposition 1.14. The join weighted by p :J → J admits a right adjoint given by
Moreover, the adjunction
is a Quillen pair between the Joyal model structure and the corresponding sliced model structure, in which fibrations, cofibrations and weak equivalences are created by forgetting down to sSet .
Proof. The (dual of the) adjunction from [Awo10, Proposition 9.18]
is a Quillen pair. Indeed, the right adjoint does not change the underlying simplicial set, and therefore respects weak equivalences and fibrations. Composing this Quillen pair with the Quillen pair from [RV15, Lemma 2.4.12]
we obtain the desired Quillen pair 
which allows us to think of the weighted slice Q p /d as a simplicial set of cones in Q over the diagram d : J → Q weighted by p.
Remark 1.17. The weighted slice construction generalizes at once Joyal's slice construction (to which it specializes when the weight is the identity of J), and the weighted slice construction for categories that we gave in Section 1.1 (to which it specializes when all the involved simplicial sets are nerves of categories and the weight is the nerve of a discrete fibration).
Example 1.18. Denote byJ the simplicial set obtained by gluing a standard 1-simplex to a standard 2-simplex as displayed.
Consider the weight
that collapsed the 2-simplex to its first face by collapsing second face to a vertex. This weight is the nerve of the Grothendieck construction of the functor W : Γ → Cat with image
a weighted cone over d consists of a vertex ℓ of Q together with a 2-simplex in Q and a 3-simplex in Q glued along a 1-simplex such that the 1-skeleton looks as follows:
Again, the weight is encoding how many 1-and 2-simplices each piece of the diagram d receives from the summit q.
1.3. The quasi-category of fat weighted cones. In this subsection we generalize Joyal's fat join and fat slice constructions, providing a weighted version. While they will be shown to be equivalent to their neat versions, we will see that the quasi-categories of weighted cones defined in terms of the fat join and slice makes sense in other models of (∞, 1)-categories rather than just quasi-categories.
Recall from [Joy08a, §9.17] that the fat join with a simplicial set J is the functor
of the folding map of I × J along the canonical map
Recall from [Joy08a, §9.17] that the fat join construction admits a right adjoint
is a Quillen pair between the Joyal model structure and the corresponding sliced model structure, as is proven in [RV15, Lemma 2.4.12].
Definition 1.19. The fat join of a simplicial set I with J weighted by p :J → J is the simplicial set
which comes with a canonical map J → I ⋄ p J. The fat weighted join construction defines a functor
The following is a weighted variant of Joyal's adjunction, and can be proven similarly to Proposition 1.14 Theorem 1.21. The join weighted by p :J → J admits a right adjoint
Moreover, the adjunction
is a Quillen pair between the Joyal model structure and the corresponding sliced model structure. 
which the willing reader could expand using the formula for the weighted fat join construction from Definition 1.19. In particular,
which allows us to think of the weighted fat slice Q Remark 1.24. Likewise its neat version, the weighted fat slice construction generalizes at once Joyal's fat slice construction and the weighted slice construction for categories that we gave in Section 1.1. Example 1.25. Consider the weight
a Recall from [Joy08a, §9.18] that for any simplicial set I there is a categorical equivalence
between the fat join and the neat join, which is natural in I. This is also true in the weighted case. Proposition 1.29. For any simplicial set I there is a categorical equivalence
which is natural in I.
Proof. By [Lur09, Proposition A.2.4.4] pushouts where one leg is a cofibration are homotopy pushouts. We conclude using the definitions of the two weighted join constructions and the fact that the map I ⋄J → I ⋆J between the unweighted joins withJ is a categorical equivalence. We conclude the subsection by conjecturing alternative expressions for the quasi-category of weighted cones over a diagram d : J → Q. We will see at the end of Section 2.4 how these candidate descriptions could be used to show that our definition of weighted limit of the diagram d : J → Q is compatible with the approach by Gepner-Haugseng-Nikolaus from [GHN17, §2] . However, the reader does not need to read this part to understand the rest of the paper, and should feel free to continue to Section 2.
For any quasi-category Q, there is a functor
which can be understood as the straightening of the canonical fibration 
In presence of a notion of two-variable adjunction of quasi-categories, a quasi-category Q is said to be tensored and cotensored over N[Kan] if there exist functors
such that, together with hom Q they form a two-variable adjunction of quasi-categories
This should be the case, for instance, when Q = N[Q] is the homotopy coherent nerve of a Kancategory that is tensored and cotensored over Kan. The following is likely to be a formal property of two-variable adjunctions of quasi-categories, and would allow to further expand the formula for Q 
where
Weighted limits
Aiming to understand homotopy weighted limits in (∞, 1)-category theory, we start by describing in Section 2.1 weghted limits in unenriched category theory, namely in ordinary categories. Given a category C, the limit of a diagram D : J → C weighted by a functor W : J → Set enjoys two equivalent universal properties: one in terms of homsets and one in terms of its category of cones.
We then address the question of what should be the weighted limit of a diagram in an (∞, 1)-category Q, as opposed to an ordinary 1-category C. By taking this step, we are adding two levels of complexity, as we are introducing a higher categorical structure, and we want to work with derived or homotopically meaningful constructions.
To this end, we expect to replace isomorphisms by equivalences, homsets by derived mapping spaces, categories of cones by (∞, 1)-categories of cones, terminal objects in a category to terminal objects in an (∞, 1)-category, weights valued in sets with weights valued in spaces (namely Kan complexes). Depending on the employed model of (∞, 1)-category, one of the two universal properties discussed in the unenriched case generalizes more naturally.
When working with an (∞, 1)-category in the form of a Kan-category Q, (strict) limits for diagrams D : J → Q weighted by diagrams W : J → Kan are just a special instance of the theory of weighted limits in enriched category theory. We revise this in Section 2.2. Then, in Section 2.3 we take the homotopical point of view and discuss homotopy weighted limits in the Kan-category Q with respect to the homotopical structure determined by the Kan-enrichment. We explain how this approach, which requires minimal assumptions on Q, compares to others existing in the literature, for which Q is assumed to be either the category of bifibrant objects of a simplicial model structure or the (∞, 1)-core of an ∞-cosmos.
When working with an (∞, 1)-category in the form of an arbitrary quasi-category Q, we take over from the definition of ordinary (namely unweighted) limits for diagrams d : J → Q, which is introduced by Joyal [Joy08a] as the terminal object in the quasi-category of cones. In Section 2.4, we generalize suitably these ideas for any given weight in the form of a simplicial map p :J → J, and define weighted limits in a quasi-category using the constructions of the quasi-category of weighted cones from Section 1. We show in Consequence 2.35 that our definition of weighted limit agrees with the approach by Gepner-Haugseng-Nikolaus from [GHN17, §2] when Q is tensored and cotensored over the quasi-category of spaces.
Finally, in Section 2.5 we compare the two approaches (for Kan -categories and quasi-categories) and show that they agree, validating our constructions. By the Yoneda lemma the limit of D weighted by W is determined up to isomorphism.
Remark 2.2. The weighted limit exists if and only if there exists an object lim W D for which a natural bijection like the one in (b) holds. In that case, the universal cone can be retrieved as image of the identity. So it makes sense to just talk about the weighted limit, rather than the full cone. When the weighted limit exists, we write L ∼ = lim W D.
Remark 2.3. When the weight is the constant functor ∆[0] C : J → Set , the weighted limit of a diagram D : J → C is the ordinary limit, i.e.,
Remark 2.4. If C is a complete category, given any weight W : J → Set and any diagram D : J → C, the limit of D weighted by W and is given by the formula
Dj
and also by the formula 
the weighted limit cone is the pullback A× B C of F and G, together with the universal cone as depicted
the weighted limit cone is the product A × C together with the universal cone as depicted
In unenriched category theory, all limits weighted by W can be realized as ordinary limits over the category of elements of W . 
We will show as Theorems 2.26 and 2.33 analogs of this fact for weighted limits in a Kan-category (with additional structure) and in a quasi-category, respectively.
2.2.
Weighted limits in a simplicial category. Let Q be a sSet -enriched category, or for short a simplicial category. This means that Q consists of a set of objects Ob(Q), together with suitably compatible mapping simplicial sets Map Q (A, B) for any objects A and B. In particular, the mapping object defines a functor
Given two simplicial categories 3 Q and Q ′ , simplicial functors between them, namely functors that are compatible with the simplicial enrichment, assemble into a category sFun(Q, Q ′ ) whose morphisms are given by simplicial natural transformations. We refer the reader to [Kel82, §2.2] for a more detailed construction on this account. Remark 2.8. The weighted limit exists if and only if there exists an object lim W D for which a natural isomorphism like the above holds. In that case, the universal cone can be retrieved as image of the identity. So it makes sense to just talk about the weighted limit, rather than the full cone. We write
Remark 2.9. When the weight is the constant functor ∆[0] C : J → sSet , the weighted limit of a diagram D : J → C is sometimes called conical or enriched limit, given that weighted cones coincide with ordinary cones. We write
Remark 2.10. If Q is complete as a 1-category as well as cotensored over sSet , it is shown in [Kel82, §3.10] that given any weight W : J → sSet and any diagram D : J → Q, the limit of D weighted by W exists, and is given by the enriched end
Moreover, the resulting construction defines a bifunctor
Example 2.11. Define the comma weight as the functor W : Γ → sSet whose image is
Given any diagram D : Γ → Q in a simplicial category Q with image
the weighted limit cone of D is called the comma construction f ↓ B g. This weighted limit appears e.g. in [RV16a, §3.3] when Q is the simplicial category of quasi-categories (or in fact any ∞-cosmos), and in [Kel89, §4] when Q is the 2-category of categories. Under suitable completeness assumptions on Q we can specialize and unravel the end formula for lim W D from Remark 2.4, and obtain the expression
namely the comma is the pullback
It comes with the universal cone
This cone is usually depicted as
Comparing with Proposition 2.6, it is not true that any weighted limit of a diagram D : J → Q can be realized as the ordinary limit of a diagram obtained by precomposing D with a suitable functor J → J . We give a counterexample for J = [0] and general Q. However, for any categoryJ we have that
and in general the cotensor
We will see in Theorem 2.26 that the property holds if we move to a homotopical context and consider homotopically meaningful weighted limits, as we discuss in the coming section.
2.3. Homotopy weighted limits in a Kan-enriched category. From now on, we want to think that the simplicial category Q is an (∞, 1)-category, and for this we specialize to the case of Q being in fact a Kan-category. This means that any Map Q (A, B) is now a Kan complex, and the mapping object defines a functor
While the strict notions of weighted limits in Q from the previous section are well-defined, they are not homotopically meaningful. To make the notion of weighted limit homotopically meaningful, one way is to modify the defining universal property in a way that all occurring mapping simplicial sets are derived, and require a condition of the form
To this end, we first make Q is also a homotopical category, when endowed with the following weak equivalences. Definition 2.13. A map f : X → Y in Q is a weak equivalence if for any object Z the induced maps
are weak equivalences of Kan complexes.
The following is a straightforward consequence of the definition of a homotopical category.
Proposition 2.14. The category Q with the weak equivalences above is a homotopical category, i.e., it satisfies the two-out-of-six property.
Digression 2.15. The structure required on Q, namely the enrichment and the compatible homotopical structure, is a reminiscence of certain structures considered in the literature to present an (∞, 1)-category. More precisely, one could take as Q:
(1) the category M f ib of fibrant objects in a simplicial model category M with all objects cofibrant, with the given enrichement and the weak equivalences inherited from the model structure; or more generally (2) the (∞, 1)-core core * K of an ∞-cosmos K, with the given enrichement and the weak equivalences inherited from the weak equivalences of K.
An ∞-cosmos 4 K consists of a (possibly large) category enriched over qCat with a specified class of maps called "isofibrations" satisfying some axioms. For instance, the class of fibrant object in a model structure enriched over the Joyal model structure with all objects cofibrant forms an ∞-cosmos, in which the isofibrations are precisely the fibrations between fibrant objects. In an ∞-cosmos, the quasi-categorical enrichment and the class of isofibrations determine a notion of weak equivalence, given by the maps f : X → Y in K that induce Joyal equivalences on hom-quasi-categories
for any object Z in K. As mentioned in [RV18a, Remark 2.1.3], the ∞-cosmos underlying a model structure enriched over the Joyal model structure with all objects cofibrant, these coincide with the weak equivalences between fibrant objects in the model structure.
Given an ∞-cosmos K, the (∞, 1)-core of K is a Kan-category core * K with the same set of objects, and hom Kan complexes given by
where core denotes the maximal Kan complex of a quasi-category. Given a simplicial model structure (rather than one just enriched over the Joyal model structure) with all objects cofibrant, the (∞, 1)-core of its underlying ∞-cosmos coincides with the ∞-cosmos itself, i.e., it is given by its category of fibrant objects with the given enrichment, which happens to be over Kan. In particular, (1) is a special case of (2). It will be shown in [RV18b, §16] for any object Z. In particular, the homotopical structure induced by K to core * K is detected by the Kan-enrichment of the core, as requested by Definition 2.13.
The leading example for Q is the category Kan of Kan complexes with the usual enrichment. Other interesting examples, such as the Kan-category of quasi-categories or the Kan-category of complete Segal spaces, can be realized as the (∞, 1)-cores of the corresponding ∞-cosmoi.
Thanks to the structure of a homotopical category on Q, it makes sense to construct its homotopy category Ho(Q), say when two objects are equivalent, and define left and right derived functors whose source or target involves Q. Indeed, we recall that it makes sense to define the derived functor of any functor between homotopical categories, as its best approximation to a homotopical functor. We refer the reader to [Rie14, Chapter 2] for a survey on the general theory of derived functors via deformations, first due to Shulman [Shu06] .
Aiming to make sense of the three derived mapping spaces We assume the definition of ∞-cosmos that Riehl-Verity use in [RV18a] , which is stronger than the one in firstly introduced in [RV16a] . In particular, every object is cofibrant.
as derived functor of the mapping space functors of Q and sFun(J , sSet ).
The following proposition is an easy consequence of the definition of weak equivalences in Q, and in particular says that the mapping spaces in Q have already the correct homotopy types. It follows that the derived mapping space in Q can be realized as the strict mapping space
To make sense of the derived mapping spaces in Fun(J , sSet ), we need to endow also the category sFun(J , sSet ) with a homotopical structure. For this, we evoke an instance of [Mos17, Theorem 5.4] and consider in fact a model structure. When unspecified, we assume the category sSet to be endowed with the Kan-Quillen model structure. Having endowed the simplicial category sFun(J , sSet ) with a model structure, and in particular a homotopical structure, derived mapping spaces make sense.
By [Gam10, Lemma 2.5 (ii)] the functor
is a Quillen bifunctor, so the derived mapping space can be realized as
whenever W ′ is fibrant. 
Now that we understand both the expressions
By the Yoneda lemma the limit of D weighted by W is determined up to equivalence.
Remark 2.19. The homotopy weighted limit exists if and only if there exists an object L for which a natural equivalence like the one above holds. In that case, the universal cone can be retrieved as image of the identity. So it makes sense to just talk about the homotopy weighted limit, rather than the full cone. We write L ≃ holim W D.
Remark 2.20. When the weight is the constant functor ∆[0] Q : J → sSet , the homotopy weighted limit of a diagram D : J → Q is the ordinary homotopy limit, i.e.,
This notion of homotopy weighted limit agrees with the one given in [RV18a] , given when the weight W is "flexible", and with the one used in [Gam10] when Q is the category of bifibrant objects of a simplicial model structure.
Rather than deriving the universal property, one could instead try to derive the construction of strict weighted limit, aiming to find a meaningful object. The following proposition shows that the two approaches agree, as well as provides an explicit construction for homotopy weighted limits. 
Proof. We observe that there are equivalences
which show that lim W D has the desired universal property.
Recall from Remark 2.4 that if Q is complete and cotensored over sSet , then the strict weighted limit construction defines a functor
We can endow the category sFun(J , Q) with the homotopical structure induced levelwise by that of Q. The analogous homotopical structure on sFun(J , sSet ) is precisely the homotopical structure underlying the projective model structure from Proposition 2.17.
Theorem 2.22. Let Q be complete and cotensored over sSet . The homotopy weighted limit exists, it is unique up to equivalence, and can be computed as the left derived functor of the weighted limit functor
The argument involves the formula for left derived functors in terms of left deformations. We refer the reader to [Rie14, §2.2] for more details on this account.
Proof of Theorem 2.22. Choose a functorial projectively cofibrant replacement (−)
cof : sFun(J , sSet ) → sFun(J , sSet ).
By the completeness assumption of Q, we know that for any weight W : J → sSet and D : J → Q the strict weighted limit lim
In particular, by Proposition 2.21 we know that
We now show that lim W cof D also computes the left derived functor L lim D of the strict weighted limit construction, so that
5 The reader should be aware that this expression contains an abuse of notation, as the left hand side is define up to isomorphism and the right hand side is only defined up to equivalence. It should be read as: the equivalence class of the strict weighted limit represents the homotopy weighted limit.
We observe that any weak equivalence W 1 → W 2 between projectively cofibrant weights induces equivalences Map
This means that the weighted limit functor
is homotopical, if sFun(J , sSet ) cof denotes the category of projectively cofibrant weights. In other words, the functor (W,
with respect to the category sFun(J , sSet ) cof ) op × sFun(J , Q), if we denote by Fun(J , sSet) cof the full subcategory of cofibrant objects. By [Rie14, Theorem 2.2.8] we can then compute the left derived functor as
It follows that the weighted homotopy limit defined a functor
which can be realized as holim
or, if the weight W is already cofibrant, as
In the case of Q being the category of bifibrant objects of a simplicial model structure M, this recovers a result of Gambino [Gam10] .
This formulas puts emphasis on cofibrant weights. The adjunctions from Remark 1.11 can be used to produce canonical cofibrant replacements of fibrant weights W : J → Kan whenever J is an (unenriched) 1-category or the homotopy coherent realization of a simplicial set J. 
Proof. Since the relative nerve r * (W ) (as well as any other object) is cofibrant in the covariant model structure, the derived counit of the diagram W can be realized as the strict counit ǫ W : (r ! • r * )(W ) → W . Given that the pair (r ! , r * ) is a Quillen equivalence and the diagram W is fibrant by assumption, the (derived) counit ǫ W is a weak equivalence. In particular W is equivalent to W cof = (r ! • r * )(W ), which is cofibrant since r ! is left Quillen and r * (W ) is cofibrant. This concludes the proof of (1), and the proof of (2) is analogous.
It is interesting to note that both models of cofibrant replacements specialize to established models of cofibrant replacements for the constant weights at ∆[0].
Remark 2.24. The value of the cofibrant replacement of the constant weight ∆[0] : N J → sSet can be computed using the formulas from Remark 1.11.
(a) When J is an ordinary 1-category, the value of the cofibrant replacement of the constant weight ∆[0] N J : N J → Kan on an object j of J can be computed as
This is precisely the weight for homotopy limits which was considered e.g. in [ 
the corresponding homotopy weighted limit should be naturally though of as a homotopy pullback of F and G, so we write
Given that this weight is not projectively cofibrant, we discuss several cofibrant replacements, and the corresponding model of homotopy pullback.
(1) Both the approaches from Remark 2.24 gives the cofibrant replacement ∆ [0] cof Γ given by
Indeed, with the formulas from (a) we obtain
and
On the other hand, noticing that Γ ∼ = C[N Γ], the cofibrant replacement (b) is also available. Using for instance the description of mapping simplicial sets of C[∆[0] ⋆ Γ in terms of necklaces in ∆[0] ⋆ Γ (see Section 2.5), we see that
In particular, the homotopy pullback of any functor D : J → Q in a Kan -category Q can be computed as
(2) The comma weight W comma : Γ → sSet from Example 2.11,
is also a projectively cofibrant replacement for the constant weight. In particular, the homotopy pullback of any functor D : J → Q in a Kan -category Q can be computed as
Using upcoming results we will be able to prove at the end of Section 2.5 the following analog of Proposition 2.6. 
We recall the notion of (unweighted) limits for diagrams d : J → Q, which is treated in several sources, such as [Joy02, Lur09, RV15] .
Definition 2.27 ([Joy02, Definition 4.1]). The terminal object of Q is a vertex t that enjoys the following lifting property for n ≥ 1: By definition of terminal objects, the condition means that λ enjoys the following lifting property for n ≥ 1
Using the join-slice adjunction, the lifting problem can be rewritten as
Remark 2.29. By [RV16b, Proposition 3.5.3], there is a categorical equivalence
which says that the limit ℓ represents the quasi-category of cones over d. The quasi-categorical Yoneda Lemma implies that the limit ℓ is determined up to equivalence in Q. When the limit exists, we write ℓ ≃ lim d.
In fact, this condition is sufficient: the diagram d : J → Q admits a limit in Q if and only if the quasi-category of cones is representable, i.e., if there exists an object ℓ in Q such that
and in that case the universal cone can be retrieved as the image of the identity of ℓ. So it makes sense to just talk about the limit, rather than the full cone.
By [RV16a, Proposition 5.2.11], if Q is a complete quasi-category, namely it admits all limits of shape J, the limit defines a functor lim : Q J → Q.
We now proceed to defining the limit of J-shaped diagrams in a quasi-category weighted by some weight p :J → J. We recall that the nature of this weight was previously discussed in Remark 1.11. By definition of terminal object, the condition means that λ enjoys the following lifting property for n ≥ 1:
Using the weighted join-slice adjunction from Proposition 1.14, the lifting problem can be rewritten as
Remark 2.31. Combining [RV16b, Proposition 3.5.3] with Propositions 1.26 and 1.30 we find is a categorical equivalence
, which says that the weighted limit ℓ represents the quasi-category of cones over the diagram d. By the quasi-categorical Yoneda Lemma implies that the weighted limit ℓ is determined up to equivalence in Q. When the weighted limit exists, we write ℓ ≃ lim p d.
As before, diagram d : J → Q admits a limit weighted by p :J → J in Q if and only if the quasicategory of weighted cones is representable, i.e., if there exists an object ℓ in Q such that
and in that case the universal weighted cone can be retrieved as the image of the identity of ℓ. So it makes sense to just talk about the weighted limit, rather than the full cone.
Remark 2.32. When the weight is the identity id J : J → J, the weighted limit of a diagram d : J → Q is the ordinary limit, i.e.,
The following shows that every weighted limit in a quasi-category can be realized as an ordinary limit of a suitably fatter diagram, and generalizes Proposition 2.6. 
The fact that every weighted limit can be computed as an unweighted limit of an appropriate modified diagram is a well-known property for ordinary limits in 1-categories, and it is not surprising that it holds here, since the universal properties of (weighted) limits in quasi-categories keep into account automatically the correct homotopical behavior of all objects involved.
Proof. Consider a weight p :J → J and a diagram d : J → Q. By Remark 2.29, the limit of the diagram d • p has the following universal property
As a consequence of Remark 2.31, it follows that
Remark 2.34. As a consequence of Theorem 2.33, if Q is a complete quasi-category, namely it admits all limits, it also admits all the weighted limits.
Assuming the conjectured models of quasi-categories of weighted cones from Conjectures 1.31 and 1.32, we can easily deduce that, when Q is tensored and cotensored over N[Kan], the definition of weighted limit recovers that by Gepner-Haugseng-Nikolaus from [GHN17, §2]. 
Conditional proof. Assuming Conjectures 1.31 and 1.32, we would have Joyal equivalences
It would then follow that
as desired. 
Remark 2.38. We observe that, whenever Q admits cotensors and pullbacks, the theorem given an explicit model for the limit of d : J → N[Q] weighted by U n(W ) . Indeed, using the analysis on weighted homotopy limits discussed in Section 2.3, we can express the weighted limit of d as a strict weighted limit as follows:
To prove Theorem 2.37, it will be crucial to understand the homotopy coherent realization C[I ⋆ (1) For any vertices a and b of I and J respectively, there is an isomorphism of simplicial sets
(2) For any vertices a and a ′ of I, there is an isomorphism of simplicial sets
(3) For any vertices b and b ′ of J, there is an isomorphism of simplicial sets
(4) For any vertices a and b of I and J respectively, there is an isomorphism of simplicial sets
In particular, like for the classical join, both inclusion of I and J into the weighted join induce fully faithful inclusions after taking the homotopy coherent realizations. Remark 2.40. A compact way to describe the content of Theorem 2.39 is that the homotopy coherent realization of the weighted join I ⋆ p J can be expressed as the pullback
of the canonical maps
This is the weighted version of [RV18a, Theorem 5.3.19].
To prove Theorem 2.37, we will need to understand the special cases of the formulas from Theorem 2.39 in the case when I is a standard simplex ∆[n] or the a boundary ∂∆[n]. The result can be expressed in terms of cubes and their boundaries, which we briefly recall; the precise definitions can be found in [RV18a, Notation 5.1.6].
Notation 2.41. Let n ≥ 0.
(1) Denote by [n] the n-cube, realized as the simplicial set
(2) Denote by ∂ [n] the boundary of the n-cube, realized as the simplicial set (1) For any vertex x of J, there are isomorphisms of simplicial sets
(2) There are isomorphisms of simplicial sets
We will also make use of the following technical fact. 
[m] that enjoys the lifting property for n ≥ 1:
∆[n]
c c ❛ ❢ • r ③ By Proposition 1.14, this is equivalent to saying that there exists a map λ that fits into a commutative diagram
and enjoys the lifting property for n ≥ 1:
Transposing with respect to the adjunction (C, N), this is equivalent to saying that there exists a simplicial functor Λ that fits into a commutative diagram
and enjoys the lifting property for n ≥ 1: is a weak equivalence of Kan complexes.
Therefore, this is enough to know that there exists an object L of Q together with a (simplicial) natural transformation
that induces a weak equivalence Definition A.2. Let J be a simplicial set.
• which is natural in J.
Aiming to understand the morphisms of C[I ⋆ p J], we look at necklaces in I ⋆ p J. Intuitively, a necklace in a weighted join must consist of three (possibly empty) parts: a necklace in I, followed by a single simplex in I ⋆J, followed by a necklace in J. Pushing the investigation further, by nature of the join construction the simplex in the middle must consist of a simplex of I and a simplex ofJ.
The following proposition makes this precise. 
